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Abstract

In the paper we compare different algorithms for numerical solutions of the Boltzmann equation. For this comparison we have
taken the standard problem of the shock wave structure in a mono-atomic rarefied gas. Different parameters characterizing the
shock structure have been calculated by a Monte Carlo simulation (DSMC), a second order time-relaxed Monte Carlo method
(TRMC2), a fully deterministic discrete velocity method (DV), a discrete velocity method with Monte Carlo calculations of colli-
sion integral (DVMC) and a molecular dynamics method (MD). Results of these calculations have been compared with the shock
wave structure obtained in experiments in a shock tube. The results of the comparison are not conclusive. We have observed general
agreement between numerical and experimental results but there is no single numerical method which fits best to the experimental
measurements.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Numerical solutions of kinetic equations of Boltzmann type have been known for more than 40 years. Nevertheless
a construction of an accurate numerical solution to the Boltzmann equation still presents a difficult task. This is mostly
caused by a high dimensionality of the equation and in particular its non-linear collision part. Due to the complexity of
the numerical problem the only accessible numerical algorithm was based for a long time on Monte Carlo techniques.
However, increasing computational power of modern computers opened the possibility for developing new algorithms.
In the last decade a number of new computational methods for solving the Boltzmann equation has been developed.
Some of these methods have better approximation properties than the old Monte Carlo based methods. A natural
question which arises when we compare different numerical algorithms is “which of the methods under investigation
performs better in real calculations”. This question should be sharply distinguished from the theoretical (mathematical)
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Fig. 1. Shock wave structure and characteristic parameters.

properties of the compared algorithms as it is well known that in many cases methods with very good theoretical
properties perform poorly in practical calculations.

The aim of this study is the comparison of several numerical methods of solution of the Boltzmann equation.
Usually, in order to compare different numerical methods, we perform a number of simulations which give us the
information about numerical stability and numerical rate of convergence. It is often very difficult to draw a conclusion
about the accuracy of obtained numerical results. To get such information we can compare numerical solutions with
the exact solution of the problem. As exact solutions are very rare and usually restricted to simple cases, our knowl-
edge about accuracy is also rather limited. To overcome this difficulty we decided to compare numerical results with
experimental data.

To set up an experimental regime in which gas flow can be adequately described by the Boltzmann equation is rather
difficult. It corresponds to a highly rarefied gas, possibly of noble type to eliminate additional degrees of freedom,
and there are not too many experimental data of such problems available. One of the classical rarefied gas problems
is a shock tube problem in which a planar shock wave is generated. This problem is easy for numerical simulation
as there is one space dimension (and three velocity dimensions) in the problem. Fortunately we have got access to
highly accurate experimental data obtained by one of the authors at the laboratory of the Institute of Fundamental
Technological Research in Warsaw.

The shock wave structure is a classical problem of rarefied gas dynamics. It has been investigated by many different
numerical methods and a number of different shock wave characteristics has been recognized. The most popular and
widely used is the shock wave thickness. But some more sophisticated parameters have also been used.

In [1] the shock wave structure is predicted by the hydrodynamic approach. The author solves the full Burnett
equations and compares the solution with Navier—Stokes results and experimental data using inverse density thickness
as a measure of the structure of the shock. The simple density, velocity and temperature profiles of the shock are used
in [2] to compare the solution of the Navier—Stokes equations, DSMC and so-called quasi-gasdynamics equations
developed by the authors.

Following Muntz et al. [3], for our comparison work we have chosen the following quantities as the characteristic
parameters of the shock structure: a maximum-slope shock thickness w measured on density profile, a shift between
temperature and density scaled profile s and a geometric shape factor Q = A1/A», which measures asymmetry of the
density profile (cf. Fig. 1 for the precise definitions of these parameters).

Note that the length scale is measured in units of mean free path (see Section 3.1) and therefore all such parameters
are expressed by non-dimensional numbers.

2. Experimental data
2.1. Experimental setup
Accurate measurements of shock wave structure required the apparatus suitable for low-density measurements.

The shock tube of the Institute of Fundamental Technological Research, Polish Academy of Sciences, Warsaw, was
employed for this purpose. This tube [4], of 250 mm internal diameter and 17 meters long, made it possible to work
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Fig. 2. Test section of the shock tube with electron beam densitometer.

at densities, corresponding to the gas particles mean free path of about 1 mm, without noticeable influence of the wall
boundary layers. Fig. 2 shows a schematic drawing of the test section of the shock tube.

The distribution of the gas density inside the shock was measured with the standard, electron beam attenuation
technique [5]. This technique employs the attenuation of the beam due to scattering of electrons colliding with gas
molecules. The beam was placed perpendicularly to the tube axis in such a way, that only the central part of the
flow was used for measurements (Fig. 2). The beam length y between the injecting needle and the Faraday cage was
equal to only about 35 millimeters. This was because in the low-density shock tube the shock wave is always at least
slightly curved due to the influence of the wall boundary layer; only the central part of the shock may be considered
sufficiently plane for measurements.

2.2. Data evaluation procedure

During the test run, the beam current at the inlet to the test section (outlet from the injecting needle) is kept
constant. If the gas density and the electron scattering cross-section are constant along the beam, the dependence of
the attenuated beam current i upon gas density p has the form

L = exp(—kyp)
Lo
where ip is the beam current at the inlet to the tube, k — the beam attenuation coefficient (proportional to the electron
scattering cross-section) and y — the beam length.
Since it is difficult to measure accurately the values iy and k, we make use of the fact, that the densities p; in front
of the shock and p; behind it, are known and the corresponding values of the attenuated beam current, i; and i;, are
registered in each run. We can eliminate iy and kx and obtain the explicit dependence of p on i

p—p1 _ InG/i)
p2—p1 InGia/ir)’

2.3. Conditions of experiment
The conditions of experiment were selected as follows:

Argon (spectrally pure) was used as the test gas.

The shock Mach number M was equal to 2.80 £ 0.08.

The initial pressure was equal to 7.33 £ 0.15 Pa.

The initial temperature was equal to the room temperature, 298 + 3 K.

For such conditions the mean free path for argon is about 0.95 mm and the maximum slope shock thickness about
4 mm (cf. [6]). At such shock thickness it was possible to obtain reliable results with an electron beam 0.5 mm thick.
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2.4. Accuracy

The inaccuracy of the density measurement was estimated to be about +2.5% of the difference between the final
and initial values. The main source of errors was the inaccuracy of setting the initial parameters, mainly pressure
(£2%). The inaccuracy of setting the Mach number (£0.5%), at its selected value of 2.8, had negligible influence
upon the overall accuracy of the measurements. The inaccuracy due to finite electron beam thickness, most serious in
the places of the largest curvature of the shock structure diagram, was estimated not to exceed 0.1%.

3. Numerical methods
3.1. The Boltzmann equation

Our aim is to find the shock wave structure obtained in the physical experiment by solving a relevant problem for
the Boltzmann equation. To this end we consider the Boltzmann equation in a 3-dimensional space for the distribution
function f(x,v,1)

of | of
— 4+ v—= s ).
ar TV, =20

We restrict ourselves to the model of hard sphere particles. Then the collision term Q(f, f) has the form

0(f. f)= / / uor (f W) f (W) — ) f(w)) dwdn

R3 S2
where v and w are pre-collision velocities, and the post-collision velocities v” and w’ are given by the expression

1 1
v’:E(v—i—w—i—zm), w':z(v—i—w—un)
with u = |[v — w| and o = d?/4.
In these formulas 7 is the outer unit vector on the sphere S and d is the diameter of particles (hard spheres).
We express the above Boltzmann equation in the dimensionless variables appropriate for the shock wave structure

3

_ X _ v - t - VA

i=2, i=—, i=—, f=-2Xf
L Vo 70 Q0

where vg = /2RTj is the most probable velocity, R — the reduced gas constant, which is the universal gas constant
divided by the molecular weight of the gas, 1o = L/vg, L — the characteristic dimension, 7y and o — the temperature
and density of the upstream gas.
In these new variables the Boltzmann equation has the form (we skip bars over variables)
af af 1

ot Ua_él-\/zn’KnQ(f’f)

where Kn = Ao/L, Ao = 1/(~/2w00d?) is the mean free path and

0.1 = [ [ulrrsw) = ro)f ) dwn
R3 §2
Assuming L = A, i.e. Kn =1, we get the dimensionless Boltzmann equation in which x is in the units of mean

free path, velocity in the units of vy and time in the units of y.
In these units the Maxwell distribution function for upstream gas has the form

fm= \/i_3 exp(—vz).
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3.2. Numerical experiment

To calculate a shock wave structure we have designed the following numerical experiment. We consider a constant
speed gas flow toward a perpendicular planar wall. The shock wave is generated in the process of gas reflection from
this wall. Hence the shock structure is formed in the reflected gas flow. The whole flow is described in a coordinate
system attached to the downstream gas. Then the corresponding Rankine—Hugoniot conditions [7] are as follows

- 2 1
i=——(M-—),

y+1 M
D1 1

P m(2;/M2—y +1),

T, 20 -1 1

—=14+—=(M -1 +—

To (y +1 )2 ( ) 4 M?
where y = 5/3 is the polytropic constant for a monoatomic gas, pg, Tp and p;, 71 represent the pressure and temper-
ature in the upstream and downstream, respectively, and i is the relative gas velocity, i.e. ] = u| — up.

3.3. The splitting method

The classical procedure of solving numerically the Boltzmann equation consists in splitting the equation into the
transport and collision steps. Suppose that the solution has to be calculated in the time interval [0, T']. We divide
interval [0, 7] onto N equal subintervals of length Ar = T/N. Assume that the value f* of the approximate distrib-
ution function f on the time interval ((k — 1) At, kAt] has been already computed (f° = f; is the initial distribution
function). Then f k+1  the value of the distribution function on the next time interval (kAf, (k + 1)At], is obtained in
two steps. In the first step, one solves the free flow problem

af* af* _
o Fve o= =0 on (kAr, (k+ D],
fHkAn = fHkan). o

The solution of (1) evaluated at the endpoint (k + 1) At serves then as the initial value for the second step which
corresponds to the spatially uniform relaxation problem

a]gt = Q(f*, f™) on (kAt, (k+ 1)At],

FkAr) = £*((k+ DAr). (2)
Finally, using the solution of (2) one sets

= f**((k+ l)At).
Hence, the approximation f on the time interval (kA¢, (k + 1)At] is defined by

f@) = @) fort e (kAt, (k+ DAt

The boundary conditions appropriate for the particular problem have to be taken into account when solving the free
flow stage (1) of the splitting procedure.

3.4. Direct Monte—Carlo simulation

For the DSMC calculations the standard Bird’s procedure [8] was employed. To simulate the particles, the Hard
Sphere (HS) model was used. Selection of particles for collision was performed with the ballot-box scheme, as pro-
posed by Yanitskiy [9,23].

The calculations were carried on in 1-dimensional geometry. The dimension of each cell in the direction of the
shock wave motion was equal to Ag/4. The total number of cells was 1600. The initial number of particles was 8000.
The number of calculation runs, taken for averaging the results, was equal to 1200.
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The selected dimension of the cells seems appropriate for the problem, as the maximum-slope thickness of the
shock in a non-ionized gas is never less than about 3 mean free paths in front of it (cf. [6]).

The initial flow velocity toward the reflecting wall was taken equal to 1.6725. This produced the shock wave with
shock Mach number equal to 2.8—the value suitable for comparison with the experiment described above.

3.5. Time-relaxed Monte Carlo method

We have used a second order time-relaxed Monte Carlo method (TRMC?2) (cf. [10]). This technique, particularly
useful when some regions of the flow are not far from the local thermodynamic equilibrium, is based on a formal
expansion of the solution of the Boltzmann equation (Wild sums), and on the sampling a certain fraction of particles
from a Maxwellian.

Two computations are performed by TRMC scheme. In both cases, the second order version TRMC2 has been
used. The first one is a stationary calculation performed in the shock reference frame. The initial condition was the
Riemann problem satisfying Rankine—Hugoniot conditions, centered in the middle of the computational domain. The
stationary solution is obtained by solving the time dependent Boltzmann equation, and waiting for a time long enough,
so that the solution has reached a stationary configuration. The time dependent Boltzmann equation has been solved
up to time 100, while statistics has been accumulated after time 10 (which is approximately the time to form a steady
shock). The number of space cells used in computations was 1600. The number of particles per cell was 18 upstream
and 91 downstream, for a total of 87 200 particles in the computational domain at the beginning of the calculations.

A second computation is performed, by solving the time dependent Boltzmann equation describing particles hitting
a wall. The setup is the same as the one used in DSMC. Specular reflection is used at the wall. The computation is
carried on up to time ¢ = 20. A hundred space cells have been used, with 100 particles per cell at the initial time. The
run is repeated 500 times, with different seeds for the random number generator, and the various results are averaged,
in order to reduce statistical fluctuations.

TRMC methods are based on a fractional step approach, just as DSMC scheme, the difference being in the treatment
of the collision step.

We give here a very brief description of TRMC methods. For a more detailed description see, for example, [10-12].
For a review of several techniques for the numerical solution of the Boltzmann equation see, for example, [13].

Consider the space homogeneous Boltzmann equation for the Maxwellian molecules

af
o = LN s 3)
where Q4 denotes the gain term, and u is the constant coefficient of the loss term. Formally, the solution of Eq. (3)
can be written as
o
f.n= (1=t fiw) @)
k=0
where T = 1 — exp(—put) denotes the relaxed time, while the functions f; can be computed recursively by the relation

1

fk+1 = m

L
> =04 (fs fien)
h=0 s
with fo(v) = f(v,0). Note that in this representation, all coefficients in 7 are positive and sum to one, and the
functions fj are normalized so that their integrals are equal to the integral of fy.
It can be proved that, under some quite general assumption, the functions f; satisfy the property

Jim fie(v) = M(v)

where M (v) denotes the Maxwellian with the same moments (density, mean velocity and energy) as fo. In view of this
property, TR schemes are obtained by truncating Wild’s sum (4), replacing all high order functions f; by Maxwellian,
and advancing by a finite time step A¢. Such a time relaxed scheme of order m takes the form

) =Y A ) + A1 (DM () 5)

k=0
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where the coefficients Ax(t), k =0, ...,m + 1, are probabilities (they are non-negative and sum to one). They satisfy
the property A (1) = 8k m+1, where § denotes the Kronecker symbol. This property ensures that as At — oo the
distribution function f"*! is projected to a Maxwellian, and the splitting method becomes a kinetic scheme for the
Euler equations of gas dynamics.

Time relaxed Monte Carlo methods are obtained by the probabilistic interpretation of Eq. (5). For example, for
m =2, a particle sampled from f"*! is obtained as follows:

e with probability A it is sampled from f'(v) = f"(v), i.e. no collision,

e with probability A it is sampled from f/", i.e. it is obtained as the outcome of a collision with a particle sampled
from fé’,

e with probability A it is sampled from f7', i.e. it is obtained as the outcome of the collision between a particle
sampled from f;' and a particle sampled from f}',

e with probability Az it is sampled from a Maxwellian.

The scheme can be made conservative by sampling particle pairs rather than individual particles, and by using
a suitable conservative sampling from Maxwellians. The scheme can be generalized to hard sphere molecules or to
other collisional mechanisms by replacing real collisions by dummy collisions, and using an estimate on the collision
frequency, just as in standard DSMC.

Several extensions and generalizations of such basic scheme have been proposed. See, for example, [11] and [12]
for recent developments of TRMC schemes.

3.6. Hard sphere molecular dynamics

The Molecular Dynamics method for hard sphere molecules has been described in detail by M.P. Allen and D.J.
Tildesley [14]. They also supplied the demonstration computer program (in FORTRAN 77) which, after suitable
modifications, was used in the present project.

In the calculations, the medium was modeled as an ensemble of identical hard spheres of finite diameter. Such
spherical molecules moved freely in space and collided with each other when they met. At each step of the calculation
the collision, nearest in time, was located (i.e. the colliding molecules were selected and the time interval until their
collision was found). All particles were then moved forward over that time interval and, finally, the collision itself was
calculated. This procedure was repeated as many times as necessary.

To begin calculations, the Maxwellian distribution of molecular velocities was imposed in a standard way [14].
To avoid the unallowed overlaps, the molecules (of finite diameter) were initially distributed in space in some regular
fashion and then allowed to move and collide for sufficiently long time to form the desired equilibrium distribu-
tion. After that, suitable modification of the velocity distribution was introduced (like e.g. imposing the macroscopic
velocity for shock generation) and the actual calculations were started.

To calculate the relaxation process, 64 000 molecules of 0.341 nm diameter (the value for Argon) were placed in a
cubic box of 80 nm dimension.

We remark here that, at variance with all the other methods, Molecular Dynamics is not a numerical method for
the Boltzmann equation; rather, it is a tool that simulates the behavior of a set of N elastic spheres. It could be used,
in principle, to test the validity of the Boltzmann equation itself.

To calculate the shock wave structure, 160 000 molecules of the same diameter were placed in a cuboidal box of
dimensions: 800 nm x 40 nm x 40 nm.

3.7. Discrete velocity method

Discrete Velocity (DV) method as well as described below Discrete Velocity Monte Carlo (DVMC) method are
based on the discrete velocity approximation of the collision operator

Of. Ny~ Y S T ffi— fifi) 6)

Vj€V,'-‘rAl)Z3 (k1)
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on the discrete regular lattice AvZ3 in the velocity space R with v; € AvZ? and Av denoting the step of the velocity
lattice. In (6) the second sum denotes the summation over all k£ and / such that v; and v; constitute post-collision
velocities for particles with pre-collision velocities v; and v;. The coefficients Fl’jl , which distinguish both methods,
are defined as suitable approximation to the collision kernel (see [15]).

Below we describe briefly a particular method of calculating the discrete velocity approximation (6) used in DV
(for a detailed description see [15] and [16]).

First we replace AvZ> in (6) by its twice coarser sub-lattice 2AvZ> and balance the sum by the multiplicative
factor 8. Then we perform the summation over a bounded domain V in the lattice 2AvZ? in a manner similar to the
integration in R3 using the spherical coordinates. If V (m) denotes the set of discrete velocities v € AvZ?> lying on the

sphere of radius 4/m Av centered at O form =1, 2, ..., we can write
Mmax
)RS SRR SEED SENNED I o
vjevi+AvZ3 (k1) m=1v;ev;+2V (m) vpec;j+V (m)
where the integer mmax is such that 2, /mmnax Av is the diameter of a finite discrete velocity lattice Iy = {vy, ..., vy} =

V N 2AvZ3 used in actual computations and c¢; = %(V,‘ + v;) is the center of the sphere spanned by v; and v;. The
above procedure can be accelerated by limiting the number of radii of the spheres V (m) taken in (7) to some m; such
that 1 < my < mmax. This acceleration reduces the computational cost of the above numerical method by orders of
magnitude without losing much of the accuracy (cf. [16]).

3.8. Discrete velocity Monte Carlo method

In the conservative discrete velocity Monte Carlo method (DVMC) Monte Carlo quadratures are used to compute
the collision integral. Below we give a short description of a method described fully in [17].

Let us assume that the velocity space R® has been replaced by a bounded domain V with a lattice V = V N
AvZ3. Let (Wi, 0;,€)),i=1,..., N, be random points sampled from V = [0, R] x [0, /2] x [0, 27 ] according to
the probability distribution function P(w, 6, €). Then the Monte Carlo approximation of the collision operator with
the collision kernel corresponding to the hard sphere model is given by the following formula

1
QU Htv) ~ =

Mz

. / /
]=1 'P(Wj,ej,éj)l —Wj|cost; S1I19](f(Vi)f(Wj) f(Vz)f(W]))
which obviously can be written in a form of the discrete approximation (6) with v;, W’j being the post-collision
velocities.

In general the randomly chosen velocity w; and the post-collision velocities v, w’j do not belong to the velocity
lattice V, and therefore one has to use an interpolation to obtain the values of f(w;), f(v;) and f(w.). The various
Monte Carlo formulas for the evaluation of the collision integral are obtained by defining an appropriate probability
distribution function P and by applying special techniques reducing the variance.

In our calculations we assumed the uniform distribution P(w;, 6;, €;) = 1/(|V|72) where |V | denotes the volume
of the computational velocity domain.

Methods based on Monte Carlo quadratures are not conservative. Thus a correction technique which enforces the
conservativeness was introduced (see [17]). The numerical solution f** obtained in the relaxation stage of the n-th
time step #, of the splitting procedure is corrected by adding a term f** Z?:o o, where ¥o(v) = 1, ¥; (v) = v; for
i =1,2,3, and ¥4(v) = |v|>. The numbers «; are determined by requiring that the (discretized) conservation laws

4
D Ui fE () (1 + ) i (vk>> = Vi) £ teg1)

kel i=0 kel

are satisfied for j =0, ..., 4.
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3.9. FFT method

The FFT method is a spectral scheme. A spectrally accurate scheme on uniform grid in velocity has been presented
in [18] for the space homogeneous Boltzmann equation, and applied to the space non-homogeneous problems in [19].
Such method has the advantage of being very accurate and rather efficient compared to other deterministic schemes.
However, the scheme on a uniform grid has difficulty in performing the computation of a shock with large Mach
number. The main reason is that the temperature and mean velocity on both sides of the shock are very different
and a single grid is not sufficient for an adequate treatment of the problem. For this reason, and in order to be able
to treat problems which admit discontinuous distribution functions, a new FFT method has been derived. It uses a
version of the standard Fast Fourier Transform to approximate the collision integral on non-uniform adaptive grids in
the velocity space. The method is especially useful in effective approximation of discontinuous solutions. Below we
briefly describe the method (for a detailed description see [20].

The computation of the gain term Q7 (f, f) and the collision frequency ¢~ (f) is based on a pseudodifferential
representations of these operators using Fourier transform F (f) = fm of the distribution function f:

O (f, HV) = F W E D[ fifn BA, m)],
g~ (HV) = F, )| fu B(m, m)] (8)

where

N I+m m—1

B(l,m) = B(|u|, 6) exp( 271 ,u| )exp| 2mt|u] T,a) dwdu.
R3 52

An effective approximate version of the fast Fourier transform (see [21]) is used on the non-uniform grid for the
distribution function f. It makes the algorithm robust. The amount of computations is of order N3 log(N) + N »- Here
N is the number of Fourier modes along one coordinate direction used for the approximation of the smooth functions
Ot (f, f) and ¢~ (f). N, is the number of points in the non-uniform grid where f is defined.

To efficiently evaluate the gain part (8) we use the fact that in our case B depends only on |1 + m| and |l — m]|.
Hence defining 7' (|p/, |q|) := é(l, m) with p=1+4+ m and q =1— m we get the following approximation

OF(f. HW~ Y F(p)e @Y
P

where F(p) =Y foza fooa T (P, laD)-

The FFT scheme, which is a spectral method to some extend, conserves only mass — momentum and energy are not
conserved. The correction technique enforcing the conservation property used here is analogous to the one in DVMC
method.

4. Numerical tests
4.1. Relaxation process

In this subsection we give the results of an example of the relaxation problem calculated using six numerical
methods (DSMC, DV, DVMC, TRMC?2, FFT, MD).

We study the relaxation of the second moment of solution of the homogeneous Boltzmann equation. As initial data
we take the sum of two Maxwellians shifted in the x z-direction.

The time step used in numerical tests was Atz = 0.01 for TRMC2 and FFT and At = 0.02 for other methods and
the computations were performed up to time 7' = 4. For the DSMC and TRMC2 calculations, 50 000 particles were
taken with averaging the results over 50 runs. The number of velocities was 16 for the DV and 15 for the DVMC
in each direction and the velocity grid step Av = 1.0. The Monte Carlo quadrature with 200 points was used in the
DVMC.

In Fig. 3 we present the graph of the xz-moment vs. time. All the curves are very similar and differences are
negligible. The relative error measured by the L' distance between the lowest and the highest relaxation rate is
approx. 2.5%.
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Fig. 3. Relaxation problem: xz-moment. Fig. 4. Absolute error for relaxation problem.

To make the comparison more transparent we show in Fig. 4 the differences between FFT curve taken as a refer-
ence value and all other curves. This can be seen as a measure of an absolute error. Several remarks are appropriate
at this point. First, the time interval is larger than in Fig. 3 to show how the error behaves when the xz-moment ap-
proaches equilibrium. Second, the inspection of the data shows that the MD method gives slightly higher relaxation
rate compared to the other methods, particularly when the system is far from equilibrium. But even for this largest
deviation the relative error is below 2.5%.

Finally, we should observe the smooth curve corresponding to DV calculations contrary to all other curves. This
is related to the nature of the numerical methods we have used. The FFT and DV methods are fully deterministic
algorithms for the Boltzmann equation. As such they produce smooth results. The other methods use randomness
at certain level (MD method is in fact not random but averaging over large number of individual trajectories, which
gives similar result). The jumps we observe in Fig. 4 are the traces of white noise which is immanent to random
methods. Let us observe however, that the DSMC and TRMC2 methods produce much smoother curves than the MD
and DVMC methods. This can suggest that the number of samples used for averaging in the latter methods was to
small.

4.2. Shock wave structure

As a test for the methods in the non-homogeneous case we consider 1D shock wave propagation problem. The
calculations have been performed for DSMC, DV, DVMC, TRMC2 and MD methods.

The numerical calculations were obtained with the physical space step Ax = 0.25. The calculations for DV and
DVMC were performed with the velocity grid step Av = 1.0 with 15 velocities in each direction and the time step
At = 1/30. (All values in the dimensionless units introduced in Section 3.1.)

To compare results we calculated normalized density and temperature:

_p—p - T-T

p2—=p1 Th—T

In Figs. 5 and 6 we show the normalized density and temperature profiles, respectively, for the numerical methods
and for the experimental data (only the density profile for experimental data). One can see a good agreement between
all shock profiles. The density level behind the shock, as obtained from Molecular Dynamics simulation, is remarkably
below 1 (contrary to the normalization). This is due to the finite volume of the molecules: theoretical density ratio
across the shock, used here, has been calculated for the ideal case of point mass (zero volume) molecules.

To make the visual comparison more transparent we have chosen the most distant calculations (DV and TRMC?2)
and compared them with the experimental profile for density. It is still visible that the agreement is quite reasonable
(Fig. 7).

To compare the numerical methods with the experiment we use parameters introduced in Section 1. Since only the
density profile is available for the experiment, we compared the shift between the temperature and density profiles for
the numerical results only.

n



72 P. Kowalczyk et al. / European Journal of Mechanics B/Fluids 27 (2008) 62-74

Fig. 5. The density profiles of the shock wave.

1.2

1.2

0.8

0.6

0.4

0.2

8

10

12

14

Fig. 6. The temperature profiles of the shock wave.
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Fig. 7. The density profiles for experimental, DV and TRMC2 data.

Table 1
Shock wave width and shift

Density Temperature Shift
DSMC 3.462 2.974 1.583
DV 3.943 3.734 1.714
DVMC 3.428 3.020 1.447
TRMC2 2.782 2.620 1.280
MD 3.335 2.752 1.451
Experiment 3.840 - -

In Tables 1 and 2 we present the quantitative results of comparison for the numerical methods and the experiment.
In Table 1 we give the width of the shock (the maximum-slope shock thickness) for density and temperature profiles

and the shift between them.

To calculate the shock thickness we have taken intervals containing 60% of the shock jump considered, i.e. ji
is the largest index for which n; < 0.2 and j is the smallest index for which n; > 0.8. The normalized density is
then fitted by a cubic polynomial in this interval. The maximum slope is then determined from this polynomial. The
inverse of the maximum slope is the thickness of the shock density profile. The same procedure has been used for the

temperature profile.

16
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Table 2
Geometric shape factors
Al Ay Q

DSMC 0.5172 0.6443 0.8028
DV 0.6947 0.7350 0.9451
DVMC 0.5160 0.6008 0.8588
TRMC2 0.4689 0.5811 0.8070
MD 0.5201 0.7201 0.7222
Experiment 0.7316 0.6667 1.0970

There is a good agreement in the shock density width between the DSMC and DVMC methods, while TRMC2
gives higher slope and DV the smallest. The temperature profiles behave very similarly to the density profiles: still
TRMC?2 has the highest slope and DV the smallest, and there is a large similarity between DSMC and DVMC profiles.
DSMC and DVMC give a similar shift between the density and temperature profiles, while TRMC2 gives the smallest
shift and DV the largest.

To calculate the geometric factor we have to find exact position at which n = 0.5. This has been done by fitting the
profile in the interval 0.4 < n < 0.6 by a cubic polynomial x = g3(n) and setting x); = ¢3(0.5). The two areas have
been obtained by summation from the discrete density profile with a second order correction for the contribution of
the cell containing xs. The geometric shape factors values are given in Table 2.

5. Conclusions

Qualitative agreement between the results obtained by different calculation methods seems to be quite satisfactory.
Also the differences from experimental data are not very substantial. On the other hand, careful analysis of observed
differences cannot be neglected. First, we observe that DV method gives more diffuse results. This is particularly
well visible on the temperature profile of the shock wave but can be also observed on the density profile and for the
relaxation calculations. This diffusivity can be attributed to the low resolution of applied grid, i.e. decreasing the time
step and increasing the number of grid points in velocity space can eliminate this problem. The numerical complexity
of DV method shows however that applying this method with a fine grid is too expensive for practical calculations.
On the other hand DV calculations are in best agreement with the experimental data for the density profile (compare
the shock wave thickness and the geometric shape factors).

Methods using Monte Carlo algorithms seem to be in better agreement with each other. We remark here that the
computations have been obtained by different research groups, using different implementations, and it is likely that
some of the differences can be attributed to minor implementation details (e.g. setting of the initial and boundary
conditions), which can have a small influence on the final outcome. We tried to minimize such effects by exchange
visits among the researchers of the various groups.

Still the differences between any of these methods and experiment is of order 20-25% (shock wave thickness
and geometric shape factors). Certainly, these disagreements can be attributed to the model of particle interactions.
In all calculations we have used the hard sphere model which is quite distant from real interactions (Lennard—Jones
potential). But comparing only the results of different calculations (with DV method excluded) we observe differences
of 5% for geometric shape factors and up to 20% for the shock thickness and the profile shift. Very remarkable is also
the behavior of the shape factor Q. In all calculations we obtained Q < 1 but the experiment gives Q > 1.

Very accurate solutions of the Boltzmann equation are obtained by the use of spectral methods. The method used by
Filbet and Russo [19] gives spectral accuracy in velocity, second order in time and third order in space. The evaluation
of the collision term by spectral methods can be performed by fast algorithms [22], which makes such methods even
more competitive. However, for large Mach number, the method is expensive if the same grid in velocity space is used
in the whole computational domain. For this reason we did not include the method in the comparison, and we used
the FFT method — a spectral method which uses an adaptive grid in velocity [20] — which is more effective for high
Mach number, even if it is not spectrally accurate.

One of the important question which arises when we compare different numerical methods is the computational
efficiency. The results we presented in the paper were obtained by the different research groups. Hence we could not
take the exact computer time as a measure of computational efficiency. Instead we decided to compare the relative
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order of computational time for the more expensive 1D case (see Section 4.2): we estimated the time the calculation of
each method would take on a reference PC computer with Pentium 4 3.06 GHz processor. The most time consuming
was MD method (56 hours) and DV method was roughly 10 times quicker (6 hours). The Monte Carlo simulation
methods (TRMC2 and DSMC) computational time was nearly the same (1 hour), while the quickest method was
DVMC (10 minutes).

In conclusion we can say that the different calculation methods using kinetic approach for rarefied gasdynamic
problems give results which can differ up to 20-25%. This is not only in the case of a different mathematical for-
mulation of the problem, but also when the same mathematical problem is solved by different algorithms (compare
differences between DSMC and TRMC2 calculations). These calculations show that there is no clear superior method.
Different methods seem to catch different features of the rarefied flow described by the Boltzmann equation. Hence ki-
netic algorithms for rarefied gas dynamic problems, although well advanced, still require further careful development
and analysis.
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